BeBeneHne MogenmpoBaHue OUHaAMUKN CUCTEM C MEPEMEHHbIMN MacCaMu TpebyeT
MOCTPOEHNS YPaBHEHU OBUXKEHWA, MO3BONAIOLWMNX OFPaHNYNTb OLNOKM YNCNEHHOrO
MHTerpmnposaHus. CyLeCTBEHHbIM NCTOYHUKOM MOrpeLHOCTEN ABNAAITCA OTKJIOHEeHUS
OT ypaBHEHU CBA3EN, Bbl3BaHHbIe NPUBINIKEHHbIM 3a4aHNeM HavallbHbIX YCJI0BUIN U
MOrpeLHOCTAMN YACSIEHHOM O peLleHns cncteMsl gugdepeHumnanbHo-anrebpandyeckmx
YPaBHEHMNW, ONMUCBIBAOLWNX KUHEMATUKY N AVUHAMUKY UCCefyeMOn CUCTEMBI.
N3BeCTHbIN MeTopn COCTaBJ/IeHUS YpaBHEHUN AVUHAMUKN MeXaHU4YeCKON CUCTEeMbI CO
CBA3AMMN NpeanosiaraeT npegBapuTesibHoe onpeaeneHne MHoXuTenen JlarpaH>xa m3
YypPaBHEHUN CBA3EN N UX NPON3BOLHbIX MO BpeMeHW. [1pn 3ToM pelieHne CNCTeMbl
anddepeHUnanbHbIX YypaBHEHUN ABUXXEHMSA OKa3blBAaeTCHA HEYCTONYMBLIM MO
OTHOLWEHUIO K YpaBHeHNAaM cBazen [1]. Ona ctabunmsaunm ceasen B [2], [3]
npepnaraeTcs onpenenatb MHOXUTeENN JlarpaH>Xa € y4eToM JIMHENHOW KOMBUHauum
ypaBHEHUN CBA3EN 1N UX NMPOU3BOAHbLIX, COCTaBnswWen anddepeHymnaibHoe
ypaBHeHMe OTHOCUTEJIbHO BO3MOXXHbIX OTKJIOHEHU OT YpPaBHEHUNIN CBA3EN.
Ncnonb3oBaHue [4] MHOXKeCTBa cuctem anddepeHumanbHbiX YPaBHEHNN, NUMEKOLLNX
YacTHble nHTerpansl [5],[61,[7], npeacTaBneHHbIE YPpaBHEHUAMU CBA3EN, O
onpeneneHnsa MHoxuTenen JlarpaH»ka rno3BosisieT co3faTh NMPOCTbI€ aJropuTMbI
peweHnsa 3agadm ctabnnumsaumm ceasen [8], [9]. InHaMmKa CUCTEM C NepeMEHHON
MacCCoOM CoCTaB/ISieT CaMOCTOosATesIbHOe Hay4YHoe HanpaB/ieHne MexaHnukKu. [ns
nccnenoBaHNa ANMHAMUKN 3TUX CUCTEM 0ObIYHO NPUBIEKAKOTCA KacCNYeCKne MeToabl
aHannTmnyeckom mexaHukum [10],[11], kKoTopble NPeabABAAIOT XecTKkne TpeboBaHnA K
YNC/IEHHbIM MEeTo4aM pPeLleHNs YpaBHEHUN ABMXeHUS. B HacToswen paboTte
npmMBOAATCA MOAUDUKALNMA METOL0B NOCTPOEHNS YPAaBHEHUN AUHAMUKN CUCTEM C
rnepemMeHHON Maccon, npeanosaratowme ctabunmlaunto cesazen. OCHOBHbLIM
TpeboBaHMEM, KOTOPOMY AOJIXKHbI YOOBNETBOPATb YPaBHEHUSA ANHAMUKK, ABNAETCS
obecnevyeHne acMMNTOTUYECKOW YCTONYMBOCTN MHOroobpasmnsa, CoOOTBETCTBYIOLWEro
YPaBHEHNAM CBA3EN, N COXPAaHEHNE YCTOMYMBOCTU €ro npm YNCJIEHHOM peLleHnmn
YPaBHEHUNN OBVXXEHNN. YpaBHEHUS AUHAMUKN CUCTEMbI C NepeMEeHHbIMK MaccaMu B
MPSMOYroJibHbIX KOOpAMHaTaxX. PacCMOTPUM MeXaHNYeCKYyo CUCTEMY, COCTOSLLYIO U3
TOYeK C NepeMeHHbIMN MaccaMun N pagnyc-BeKTopamm , rge -opThbl MPAMOYrOJIbHOWN
CUCTEMbl KOOPAWHAT, . YpaBHEHME OBUXKEHUS - TOW TOYKM CBOOOAHON MEXaHNYECKON
CUCTEeMbl COOTBETCTBYET OCHOBHOMY 3aKOHY AWHaMUKu , , (1) rae, -
PaBHOAENCTBYIOWAA aKTUBHbIX CUJ1, MPUNOXKEHHbIX K TON To4Ke. lNMpeactasum
ypaBHeHusa (1) B MaTpu4Hom opme: ,, (2),,,, . Cnctema (2) B obwiem cnyyae
OTHOCUTENIbHOIO ABMXXEHUS YaCTuUL, B TOYKaX CUCTEMbI MPUBOANTCA K BUAY , , (3) roe
BEKTOP pPeaKTUBHbIX CUJI. PeakTMBHaA cuia , AeNCTBYOWAs Ha TYIO TOYKY
rnepeMeHHOn Macchl, onpenenseTcs Bbipa>keHuem [11], roe nHoeKkc cooTBeTCTBYeT
BCEM YacTuuaM, ABUrAOLWMMCA B TON MaTepmasibHON TOYKE C OTHOCUTESIbHbIMU
YyCKOpeHnamm , obo3HavyaeT CyMMy KOPUOJINCOBbLIX CUJT UHEPLUX B TOW TOYKe: . 34ecCb
yrnoBsas CKOPOCTb BCMOMOraTesIbHON CUCTEMbI KOOPAUHAT C Ha4YasZlIoM B TOW TOYKe,
OTHOCUTESIbHAaA CKOPOCTb YacTuubl. BeKTop onpenenseT UMMyJsibCHYO CUny,



COOTBETCTBYIOLLYIO TOW To4Ke: . (4) B nocnegHem Bbipa>keHUn (4) cymMMupoBaHume
NMPOBOANTCSA MO BCEM HarnpaB/IEHNAM UMMNYJIbCHOMO U3MEHEHUSA OTHOCUTEJIbHbIX
CKOpPOCTEN YacTuL, B TON TOYKE; MHTEHCMBHOCTb NepeTeKaHusa YacTul, B HanpasJieHUN
. MpnbaBumM Bbipa>keHune , K obenM 4acTaM paBeHCTBa (3), 3anncaHHOro B Buge , , n
YMHOXXWB Ha , MOJIy4UM PABEHCTBO , rAe eCTb KWHeTUYeCcKasa 3Heprmsa cMcTtemMsl, 4
KOTOPOMN, Ha4YMHaAa C pacCMaTPMBAEMOro MOMEHTa BPEMEHM, MOJTHOCTbIO
npeKkpallaeTcs Npouecc N3IMEHEHMS MaCCbl, BEKTOP A00aBOYHbIX CU. YpaBHEHUS
AVNHAMUKKN cUCcTeMbl B 0600LEHHbLIX KoopAMHaTax MyCcTb NON0XKEHNE MEXaHNYECKON
cucTembl onpegenseTcs o606 eHHbIMK KoopanHaTaMn . bygem c4nTaTb, 4TO MacChl
TOo4YeK 3aBUCAT OT 0600 EeHHbIX KoopanHaT , 0600LWEHHbLIX CKOPOCTEN U BPEMEHMU : , , ,
. [1pn 3TOM BEKTOP pEeaKTUBHbLIX CUJ1 A0MYCKAET JIMHENHYO 3aBUCUMOCTb OT

o6obuieHHbIX yckopeHun [11]:,,,,,,,, . 9neMeHTapHasa paboTa Ao6aBOYHbIX CUJI
onpenenseTcs Bblpa)kKeHuewm , , ,,, , . 3anuwem npuHumn XXypaeHa aaa cCuctemsbl C
nepemMeHHbIMN MaccaMmm B 0606uLLeHHbIX KOOpAUHATaX N ckopocTax: . (5) 3aech

BeKTOp 0606LLEHHbIX aKTUBHbIX CUN, , , , , , ~-BEKTOP NpnbaBOYHbIX CUJ, . B YacTHOM

cny4ae BeKTop npubaBoYvHbIX CUN NPUHUMAET BUA . B ciy4vae, Korga oTHoCUTesNIbHOEe
OBVKEHME YacTuUL, B MaTepmalibHbIX TOYKaX OTCYTCTBYET (C/ayyYanm Mewepckoro),
BEKTOP PEaKTUBHbIX CUJ1 OKa3blBaeTCs paBHbIM , , , , . COOTBETCTBYIOLWNIA BEKTOP
nprnbaBOYHbIX CUJ ONpeaensaeTcs Bblpa>keHnem: . ECm Ha cuctemy He HasloXKEeHb
CBSA3M, TO BEKTOP BO3MOXHbIX NepemMeLlieHnn dq aBaseTcs Npon3BoJibHbIM U 13 (5)
criefnyeT BEKTOPHOE ypaBHeHue JlarpaH»ka 2-ro pofa MexaHu4eCckon cucTteMsl C
nepeMeHHbIMN Maccamu , . (6) YnpasneHue NnporpaMMHbIM ABM>XKeHNEM BekTop
0606uWeHHbIX NprbaBOYHLIX CUJT 3aBUCUT OT 3aKOHOB U3MEHEHUA MAacC TOYEK CUCTEMDbI
N CKOPOCTEN OTAENALWNXCA U NPUCOeONHAILWNXCS YacTul,. B cnydvae, Kkorga 3akoH
N3MEHEeHUNSA Macc, OTHOCUTESIbHbIE NepeMeLLeHns 4acTuL, CKOPOCTU NPUCOegNHEHNS U
oTAeNIeHNsa YacTul, onpenesieHbl, MeXxaHnyeckas cuctema C nepemMeHHbIMM Maccamm
OOJDKHA yNpaBasaTbCA AONONHUTENbHBIMU CUaMin. B 3ToM cnydae npmnbaBoyHble CUilbl
MO>HO OTHECTU K U3BECTHbIM aKTUBHbIM CUJ1aM N BEKTOP pacCMaTpuBaTb KakK BEKTOP
OOMONIHUTENbHLIX Ynpasastowmx cnn. ObpaTruMcs K 3agadve onpenesieHnUsa BeKTopa 13
yCnoBus cTabunusaunm ceasen, 3afgaHHbiX ypaBHeHuamu: , , , (7) ,, , Lns oueHKn
BO3MO>XHbIX OTKJIOHEHUIN OT ypaBHEHUI cBA3el (7) BBeaeM napameTpbl , KOTopble
bynoem paccMaTpuBaTb Kak BO3MYLLEHUS CBA3EN, U 3aMeHUM (7) ypaBHEHUSMN
nporpamMmMHbIX cBs3en , , ,(8) PaBeHcTBa (8) obecnevymBaloTcs 3a CHET yNpaBaAAOLWNX
cun . B cnyydae, korga , BblNoJsIHEHUE ypaBHeHUN cBa3en (7) obecnevymBaeTcs
peakunaMu cesseit. NMonarasa BesIM4NHbBI ManbiMKU, ONpeaesnM nepemMeHHble Tak,
4yT06bl OHM yaoBeTBOPAAN AnddepeHUNnanbHbIM YPAaBHEHNAM BO3MYLLLEHNI CBA3EN
(9) MaTpuubl KO3 PULNEHTOB NMPUN NMepeMeHHbIX ABAAITCA QPYHKUUAMN NepeMEHHbIX |,
cnaraemMble 0603HavatloOT YeHbl, cogep)xawine B CTeNeHn Bbilwe nepson. Onsa
cTabunmnsaunm ceazen HeobxoaMMo onpenennTb NMpaBble YacTu cucTemsl (9) Tak,
4yTObObI €ee TpuBMaNbHOE pelleHne BbIJI0 aCUMNTOTUYECKN YCTONYNBO. YCI0BUS
YCTOMNYMBOCTM MO OTHOLLUEHUIO K YpaBHEHUAM cBA3en (7) 6biav nony4veHsl B [12].



Hanpumep, cuctema IMHENHbIX YPaBHEHNI NP COOTBETCTBYOWEM Bbibope
Koa(hpunumneHToB ByaeT yooBneTBOPATb 3TOMY YC/I0BUIO. YC/I0BUSA aCMMMTOTUYECKON
YCTOM4YMUBOCTM BbIMOJIHAKTCA, KOrga MmaTpuubl KO3 puuneHToB ABNAIOTCA
MOCTOSAHHBIMU U BCE& KOPHUN XapaKTEPUCTUYECKOro ypaBHEHUA CUCTEMbI UMeoT
oTpuuaTeNbHble AeNCTBUTEsIbHbIE YacTN. BBeaeHNs ypaBHEHUA NPOrpaMMHbIX CBS3EN
C aCMMNTOTUYECKN YCTONYNBBIM TPUBUAJSIbHBLIM peLleHNEM YPaBHEHNI BO3MYLLEHUN
CBA3eN HeJoCcTaTo4YHO oNna obecnevyeHnsa ctabunmnsaunm ceaszen (7) Npym YHUCIEHHOM
peleHnn ypaBHeHnn anHaMmmnkn. Ctabunmsaunto cBssen MoXXHO obecneynTsb Npu
YNCJ/IEHHOM NHTErpupoBaHMN 3a CHET AOMNOJIHUTESIbHbIX OrpaHNYeHnn,
HaKJlaLblBaeMbIX Ha NMpasble YaCcTu ypaBHEeHUN cuctemsbl (9). MOXKHO nokasaTb, 4TO
NCNoJsib30BaHMe ypaBHEHUN cBA3en (8), (9) He n3MeHSAEeT CTPYKTYpPbl YpaBHEHUN
ANHaMNKK (6), HO NPUBOOUT K N3MEHEHUIO Bblpa)KEHMSA BEKTOpPA yrnpasaeHuns . B aTom
nerko ybegontbcs, npocnenms npouenypy CoCTaB/eHUs ypaBHEHUA ANHAMUKN
CucTembl, Ha 0606uleHHbIE KOOPAMHATBI M CKOPOCTM KOTOPOW HasloXXeHbl ycsioBus (8),
(9). Tak n3 ycnosumn (8) cnenyeT, 4HTO BEKTOP BUPTYasIbHbIX CKOPOCTEN CUCTEMDI
OOJIKEH yAO0BNeTBOPATbL ycnoBuio: , (10) PaBeHcTBO (10) npenctasnaet cobon
CUCTEMY JINHENHbIX YPaBHEHUN OTHOCUTESILHO COCTaBASAOWMNX BEKTOpa . MaTpumua
KO3(h(PNLNEHTOB 3TON CUCTEMbI ABNIAETCA NpAMoyrosibHon. ObLwee pelleHue
NMHenHoro anrebpanyeckoro ypasHeHus (10) ¢ NpsaMOyrosibHON MaTpuLen

KO3 PUNLMNEHTOB onpenenaeTcs BolpakeHnem [6], (11) roe - nponssosibHasa Manias
CKanspHas BesindnHa, eCTb BEKTOPHOEe nponsseneHne BeKTOPOB-CTPOK MaTpuLbl 1
MPOW3BOJIbHOW MaTpuubl , , , . lMoacTaHOBKa MOJIy4YEHHOr O Bbipa>keHns (11)
BUPTYaJibHbIX CKOPOCTEN CUCTEMbI B PaBEHCTBO (5) No3BoOsAET NOAYy4YUTb
COOTBETCTBYOLWME YPaBHEHNS ANHAMUKN CUCTEMbI. [TporpaMMHble CBs3M (8)
ABNAIOTCA naeanbHbIMK, ecnuv npu nbon matpuue C BbINOJHAETCA yC/I0BUE .
HeTpyaHO BMAETb, YTO BEKTOP MOXKHO pacCMaTpuBaTb KakK peakuunto naeasbHbIX
CBA3en, onpenenseMbiX B KJlaCCMYeCKon MexaHuke. [1encTBUTeNIbHO, U3 YCJI0BUS
noeanbHOCTU CBA3EN N paBeHCTBa csieayeT CnpaBea/INBOCTb paBeHCTBa . B ntore
rnosly4aeM ypaBHEHUNS OANHAMUKN MEeXaHUYEeCKOW CUCTEMbl MepeMeHHON MaccChl, Ha
KOTOPYIO HaNlOXKEeHbl naeasbHble CBA3K: , . (12) YpaBHeHMa (8), (9), (12) cocTaBnsatoT
3aMKHYTYIO CUCTEMY, U3 KOTOPOM NPu COOTBETCTBYIOLWMX HAaYasIbHbIX YCJIOBUAX , ,
MOXXeT bbITb onpeaesieH 3aKOH U3MEHEHUSA NepeMEHHbIX . BeKTop | MOXXHO
paccMaTpuBaTb Kak BEKTOP yrNpaBJiieHNs NPOorpaMMHbIM ABMXEHMEM. PaccMOTpuUMm
Cslydain, Korga MmaTpuua MacC CUCTEMbI HE 3aBUCUT OT BeKTopa 0606 EeHHHbIX
cKkopocTen : . B aTom cnyvae Bbipa>keHns nprnbaBoOYHbIX CUJ YMPOLLATCA: , U CUCTEMA
(12) 3anucebiBaeTca B Bnage: ,, (13), . U3 paseHcTB (8),(9),(13) cnenytoT ypaBHEHUS
nons onpepeneHnsa sektopa : (14) NMoactaBuB pelleHmne cuctemsl (14) , B npasble
4acTun ypaBHeHUn (13), nonyymm cncrtemy gnpdepeHumnasnbHbiX YpaBHEHUA OABNXKEHUSA
(15) ona KoTopown ypaBHEHUSA cBA3EN (7) ABAAIOTCA YaCTHbIMU MHTErpaaamu.
Ctabunnusaumnsa ceazen Ona onpeneneHnsa ycaoBmum yCTOMYMBOCTU N CTabunmsaumm
CBSA3eu NMpu YNCJIEHHOM peLleHnn nNpeacTtasmM cuctemy ypasHeHun (8),(9),(15) B



HOBbIX 0603HaveHunsax: ,, (16), (17),,,,,,. B cnny nocTpoeHus npaBas 4acCTb
ypaBHeHUA (16) yoosneTBopseT yCJOBUAM: , U paBEHCTBO NpencTasnseT
COBOKYMHOCTb YaCTHbIX W HTerpasios ypaBHeHUs . (18) YCTONYMBOCTb MO OTHOLLUEHUIO
K YPaBHEHMAM CBA3EN MOXXeT ObITb nCCNefoBaHa Kak 3agadya yCTOMYMBOCTU MO
rMnepemMeHHbIM cucTeMsbl ypaBHeHui (16),(17). YcnoBus yCTOMYNMBOCTU ONpenenstoTcs
Mo ceoncTBaM pyHKUMK JIsnyHOBa U ee NnponsBogHon . Ana ctabnnmsaumm ceasen (7)
MPU YNCNEHHOM peLleHnn ypaBHeHUA (18) HeobXxoaAMMO HAaNOXXNTb AOMNOJIHUTESIbHbIE
yCNOBMS Ha MaTpuuy Ko3hhpUUEHTOB JNHENHON YacTn YpaBHeHUsa (17). O4eBuaHoO,
3TN YCNOBUSA onpenenatoTcs BbIBOpoOM YNCNEHHOro MeToda peweHuns. Jlerko
nokKasaTb, 4TO cTabunnsaumsa cBa3en BO3MOXKHa AaXKe NPU UCNoJSib30BaHUN
NPOCTENLLNX Pa3HOCTHbIX CXeM pelleHns ypaBHeHns (18). NyCcTb N3BECTHbI
HavasibHble 3Ha4YeHNA ,, YOO0BJETBOPAIOLWME YCNOBUIO , N ON1A PELUEHNS YPaBHEHUS
(18) ncnonb3yeTcsa pa3HOCTHOe ypaBHeHuKe , ,, (19) . Torga cywecTBylOT Takmne
MOCTOSAHHbIE U MaTpuLUa , 4TO, ecnn, , , TO pelleHne pasHOCTHOro ypasHeHuns (19)
OyneT yooBneTBOPATb YCNOBUIO NpU BCeX . [1eNCTBUTENIbHO, NYCTb HEPABEHCTBO
BEPHO NP HEKOTOPOM 3HAYEHUM N NpeacTaBMM BEKTOP pa3sioxxeHnem B pag (20) ,
OCTaTO4YHbIN YieH. OueHnBasa NpaBylo YacTb Bbipa>keHus (20), nonyyaeMm: . Ycnosus
cTabunusaymm mMoryT ObiTb NOJIyYEHblI @HAIOTNYHBLIMU PACCYXKAEHUAMU U ONSA
Pa3HOCTHbIX cxeM 6onee BbICOKOro nopsaaka [13]. Mpumep. PaccMoTpum 3agady
OBVKEHNS TOYKN NepeMeHHON MacCbl B BepTUKasibHOM naockocTu Oyz no 3agaHHOMY
3aKOHY. YpaBHeHMNs CBSA3en 3anuncbiBaloTca B Buae , (21), (22) . (23) Peakuunsa cesaszen n
npubaBoYHbIE CUJIBI ONPenensTCa B COOTBETCTBUM C 3a4aHMeM crnocoba peanmsauunm
ceasen (21)-(23). Ona onpeneneHHocTn bygem c4nTaTb, 4TO CBA3b (21)
OCYLLLEeCTBNAETCA BHEWWHMMW BO3AENCTBUAMIN , a CBA3M (22),(23) obecneymsatoTcs 3a
cyeT NpubaBoyHbIX cul . 3a 0606LLEHHBLIE KOOPANHATLI NpUMeEM , , . Maccy To4YKun
npuMem paBHOM CyMMe , rae - NoCTOAHHaA Macca, - Macca OTAeNIAWMXCA YacTul,
KOTOpas 3aBUCUT TOJIbKO OT BPEMEHU , MPUCOeANHEHUSA YacTuL HeT: . Toraa
peakTuBHasa cuna (24) onpenenseTcsd USMeHEeHMEM MacCbl N1 CKOPOCThbIO
OTAENALWNXCS YacTuy, . byaem c4mTaTb, YHTO Ha TOYKY OENCTBYIOT CUJ1a TAXKECTU U
Cuna conpoTmBaeHuns cpeabl : . OTHOCUTENbHO cuibl byaem nosaraTbh, 4TO OHa
HanpasJsieHa B CTOPOHY, MPOTMBOMOJIOXKHYIO CKOPOCTW TOYKM, @ BEeJIM4YMHA ee 3aBUCuUT
OT BbICOTbI N BEJIMY4NHBI CKOPOCTU TOYKU: , , ,, ., , KNHETUYEeCKas saHepruna u

0600l eHHbIe CUbI ,, ONPenensaTCa Bblpa>keHnamu , , , . Nonoxum , , . 3 ycnosus
noeanbHOCTU cBA3en (21)-(23) cnenyloT BblpaXKeHUs AN peakuum ceasum (21) n
npmnbaBo4YHbIX cnn, :, , . CTpykTypa npmnbaBOYHbIX CU ONMpeaenseTcs U3 Bblpa)keHuns
(24):,,(25), . N3 ypaBHEHUN KUHEMATUKK , , , ANHAMUKMN (26) N YypaBHEHUN
nporpamMmMHbIx cBsazen (27) onpepensatTca . [Nonoxum: , , (28),,,,, . Torga n3 (26)-
(28) onpepnensatoTca (29) MNMoacrtasnsas B (29) 3HavyeHns n3 (27) n y4nTbiBasi paBeHCTBA
(28), MOXXHO MONY4YUTb SIBHblE Bblpa)keHUsa on4 , , . Tak, nonarasa,,,,,, NOJy4nm
Bblpa)keHuns: (30) Ecnm NpuHATL , , TO 1Ierko nony4nTb m3 (25), (30) Bbipa>keHus , , ,
4YTO CcoBMNafaeT C pe3ysibTaTOM, NOJIy4eHHbIM B [7].



