BeBeneHne MogoennpoBaHme HanpsaXXeHHo -4ePOPMNPOBAHHOI0 COCTOAHUSA CITIOXKHbIX
TEXHUYECKUX N34eNnn n3 ynpyrux Mmatepuason, A0MYCKAOLWMX 3Ha4YUTESIbHbIE
nedopmMaLmm, BO3SMOXKHO JINLb C MPUMEHEHNEM COBPEMEHHbIX BblYUCINTENbHbIX
TexHosornm Ha 6ase MK3. BapmaHTbl MOCTaHOBKM 3a4a4u U BO3MOXXHbIX a/irOPUTMOB
peweHnsa npencTasneHsl B pabotax [1-4, 17]. OHM OCHOBaHbI Ha (hyHAAMEHTaIbHbIX
pe3sysibTaTaX HEeJIMHENHON MeXaHUKMN YNPYrux cpen, N3/10>)KEeHHbIX B U3BECTHbIX
MOHOrpausax n y4ebHbix nocobumsax [6,7,9,11,13,14,15,16]. Kak npasuno,
ncnonb3yeTcsa JlarpaH»xeBoe ornmcaHne KNHeEMaTUKM cpenbl N TpexMepHas
rnocTtaHoBKa. B KavecTBe JlarpaH»xeBblX KoopAuHaT B [2-4] nCNoNb3yoTCA
HeKapToBble KOOPONHATbI MaTepualibHbIX TOYEK B UCXOAHON KOHUrypaumm. B sTom
cslydae CTPYKTYPHbIE COOTHOLLEHUA NMetoT npoctenwnin ua. OgHakKo rnpm KOHEYHo-
3/IEMEHTHON ONCKPEeTU3aUunnN A8 KaXXA40ro KOHeYHoro anemMeHTa (K3) BBoonTCS
NIOKasibHas KPMUBOJINHENHAA CMCTEMa KOOPAMHAT, TakK KakK Ka)kgas MaTepuasibHas
TO4YKa cpelbl OAHO3HAYHO MAEHTUPNLNPYETCA 3HAYEHUAMU 3TUX JIOKAJIbHbIX
KoopaunHaT n Homepom K3. MNMoaToMy npeactasnseTcs uenecoobpasHbiM
cthopmynmpoBaTb 3agady B 3TUX KoopAMHaTaXx, B obLieM cnydae KpUBOJIMHENHBIX U
HeopTOoroHasibHbIX. B HacTosALwen paboTe faeTca NOCTaHOBKa 3aZayn YACSIEHHOr o
MOOEe/IMPOBaHNA KOHEYHbIX AedopMaumnii rmnepynpyrmx cpen OpmeHTUpoBaHHasA Ha
npuMmeHeHne MK3 1 nsonapameTpmyeckonm annpokcmmaummn. B 4acTHOCTM B NepBOM
pa3sfesne npmMBOAATCSA OCHOBHblE COOTHOLWLEHUA KUHEMATUKN KOHEYHbIX aedopMauunin C
npencraBieHNEM TEH30POB B pa3inyHbixX 6a3ncax. BTopon pasaen nocesLeH
MOCTPOEHUIO ONpefensaoLmnX COOTHOWEHNI ANa rmnepynpyrmux N30TPOnHbIX cpepq, C
NCNOJIb30BaHMEM MPOCTPAaHCTBEHHLIX TEH30POB. B TpeTbeM pasgesie npuBoanNTCSA
JINHEeapM30BaHHOE YpaBHEHMNE Ha Ware Harpy>xXeHus, n CTPOATCS Bblpa>keHns anas
CKOPOCTU TEH30pa Hanps>XeHN Kak JIMHENHO 3aBuUcsLLMe OT TeH3o0pa
MPOCTPaHCTBEHHOI0O rpagneHTa CKopoCcTn. KnHemMaTmka KOHe4YHbIX gedopmMauuni
Mpouecc pedopmmnposaHmsa byaem paccMaTpmBaTb B HEKOTOPOW MHEPLMAIbHON
cucTeMe oTCcYyeTa, B KOTOPYIO BBeAeM OeKapTOBYO CUCTEMY KOOPAUHAT C opTaMu .
MycTb B UCXOOHOW KOHUIypaunm pagnyc - BEKTOp MaTepuasbHON TOYKN UMeeT Bug,
rae - KpuBosinHenHble JlarpaH>XeBbl KoopanHaTbl. Onpenennm - 6a3ncHble BEKTOPSLI
conpsi>xeHHble 6a3nCHbIe BEKTOPbI 3/1IEMEHTAPHbLIN 00beM MeTpUYeCKUin TeH30p rae
Mo aHanorum B akTyasibHOM COCTOAHUM BBeOEM pafnyC - BEeKTOpP MaTepuasibHON
TO4YKM Ba3nCHble BEKTOPbI CONPSAXXeHHble Ba3ncHble BEKTOPLI (1) a/1eMeHTapHbIN
obbeM MeTpunyeckmm TeH3op roe B ganbHenwemM Ham NoHagobUTCA BEKTOP CKOPOCTHU ,
KOTOpPbIN onpeaennm B cieaytowem smae rae - spemMsd. B 3agadax ctaTuku nog
BEKTOPOM CKOPOCTU ByaeT NoHMMaTbCa NpupalleHne pagmyc - BeKTopa no mepe
HapacTaHua gedopMaumnn, TO eCTb, PaKTUYEeCKN, eCTb BEKTOP npupaLLeHui
rnepemMelleHun , roe - BEKTop nepemMelleHnin. Beegem B paccMoTpeHue rpynny
TEH30pOB, OMNUCLIBAOLWNX KNHEMATUKY cpelbl npu ee gedopmaumun. - TeHsop
rpagveHTa gegopMaumnu rge - TeHsop rpaaneHTa mecta - ObpaTHbIN TeH30p
rpagmeHTa gedopMaumm (2) - ObpaTHbIN TEeH30p rpagneHTa mecta OTMETUM, 4TO



3agaHune obpaTHOro TeH3opa gedopmMmaunm B Buge (2) MoOXXeT OKasaTbCsA BeCbMa
Heyao0bHbIM, TaK KaK €ro KOMMOHEHTbI BbIYMUCAAITCA AnddepeHUNpPOBaHNEM MO
KooOpAMHaTaM TeKyLlei KOHpUrypaumm, KoTopas 4acTo ABJSAeTCA HEN3BECTHOW U
NOANIEXUT onpeneneHnto. B aTtom cnyyvae uenecoobpasHo BOCMO/Ib30BaTbCA
cnepyrowmm npenctasneHmeMm ObpaTHbIN TEH30p rpagneHTa MecTa onpegenseTcs
KaK TPaHCMNOHMPOBaHHbIN TeH30p. Janee npun onucaHum aedopmauynnm bynem
ncnosb3oBaThb - Npasbin TeH30p Kown - NpuHa (Mepa nedopmauunn Kowwu - 'prHa)
roe - Jlesbln TeH30p Muonbl (Mepa pnedopmaumnm AnbMaHcn) (3) roe - TeH3op
negopmauum Kowwm - N'pnHa rae - TeHsop gedopmaunm AnbmMaHcum (4) roe OTMeTumMm,
4YTO KOMMOHEHTbI TeH30poB Aedopmauynin Kowwn - NpnHa n AfibMaHCK B
KPUBOJIMHENHBbIX Ba3ncax cosnagatoT Mmexay cobon. CnpaBennMBo COOTHOLLEHME,
cBs3bIBatoUlee TeH3opbl aedopmaumm Kowwu - NpuHa n AnbmaHcu (5) kotopoe
XapaKTEepPHO AJ19 MHOIMX MPOCTPAHCTBEHHbIX 1 MaTepuasibHbIX TeH30poB. ObpaTHOoe
npeobpa3oBaHune, TO eCTb NpeobpasyeT METPUYECKNI TEH30P B NPOCTPAHCTBEHHbIN.
Tenepb pacCMOTPUM TEH30pPbl, NCMOJIb3yeMble /1 ONMUCAaHUA TeYeHUNs cpenbl.
ba3oBbIMY TeH30paMu 30eChb ABMIAKTCA - TEH30p NPOCTPAHCTBEHHOr0 rpajgmneHTa
ckopocTu (6) roe (7) - TeH3op aedopMaynm ckopocTun (8) roe - TeH30p CKOPOCTU
rnoBopoTa roe Beegem B paccMOTpeHME MaTepuasibHYO NPOU3BOAHYIO (MOJHYIO
NMPOWU3BOAHYIO NO BpeMeHU) TeH3opa gedopmaunm Kowwm - NpuHa (9) roe anee
BOCMOJIb3yeMcs creayowmmm npeobpasosaHuamu. N3 (1) cneayet N3 (7) cnenyeT
(10) Takum obpa3oM, CKOPOCTb U3MEHEHUSA TeH30pa aedopmaumnn Kowwn - F'puHa (9) n
TeH30pa gedopMaunin CKopocTn (8) B KpUBOMHENHbIX 6a3ncax UMeT 0ANHAKOBbIE
3Ha4YeHns KOMMoHeHT. CnepgoBaTenbHO, cnpasenameo (11) 3anuwem (11) ¢ y4eTom
(5), (6) B BNOe (12) Boipa>keHne B npason 4acTu (12) Ha3biBatloT nponssoaHon Jin (Lie
Rate), onga kotopoun, ¢ ydyetom (10), cnpaBennneo Bbipa>keHue (13) Mo aHanorum c
onepauven gudgepeHLnpoBaHMa No BpeMeHn onpeaesmm sapmaummm 0OCHOBHbIX
TeH30poB. Tak, cnpasennneo: ns3 (9) cnepnyet raoe ns (11) cnepgyet rae mns (6) umeem
roe dmnsnyeckaa Mmoaesib rmnepynpyroro tena [na nocTpoeHnsa onpenensaoumnx
COOTHOLLUEHNI BOCMOJIb3yEMCSA BTOPbIM YPaBHEHNEM TEPMOANHAMUKN ONA
n30TepMn4ecKoro edopMmMpoBaHng ynpyrom n3oTponHowm cpeabl B suge (14) 3gecob -
MAOTHOCTb MaTepuana, - pyHKUMSA CBOOOAHOM SHEPrun, - TEH30P Hanps>XeHnn Kowwm,
- TeH30p gedopMaLnm CKOPOCTU, KOTOPLIN onpenenseTcs pa3nndHoeiMn hopmamm (8),
(10-13). NocTponm obLme CTPYKTYpPHbIE COOTHOLLIEHUSA, NPUHMMAs B Ka4yecTBe
0a30BOro Bbipa>keHNs - TeH30p gedopmaunin AnbMaHcu (4). Boibop 6a3oBoro TeH3opa
nedopmaunim npeanonaraeT, 4To PyHKUNSA CBOOOAHOW SHEPrun 3aBUCUT OT
KOMMOHEHT 3TOro TeH3opa. Takum obpa3om, byaem cuntaTb 3agaHHON pyHKUMIO (15)
CornacHo npasuny gudpgepeHUMpoBaHnNAa CKanapHoOn yHKLKUN 1Mo TeH3opy [5,11]
nmeem (16) roe noABNAETCA TEH30p BTOPOro paHra . Bocnosib3yeMcs COOTHOLEHNneEM
(12), n3 kotoporo cnepnyet, 4T0 (17) NMNoactasum (17) B (16) n nanee B ypasHeHne (14)
n nonyymm (18) Npeobpasyem ypaBHeHue (18) kK popme (19) Tak Kak TeH30p
nedopMaymm CKOPOCTU N TEH30P CKOPOCTU BPaLLEHNSA ABAAIOTCA COBEPLUEHHO



He3aBUCUMbIMU TeH30paMu, To 13 (19) cnenytoT aABa ypaBHeHUs (20) (21)
CooTHoweHuna Tnna (20) Ha3biBalOTCA PM3NYECKNMUM (onpenensiowmnmm)
COOTHOLUEHNAMN NN YPaBHEHMEM COCTOSAHUSA U, MO CYTU, oNpenensaoT TEH30p
Hanps>XeHus B Buae PyHKUMM OT TeH3opa aedopmaumnn. YpasHeHue (21) ansaeTcs
orpaHunyeHmnem Ha Bblbop pyHKuUMK cBoboagHon aHeprum (15). C y4eTom (21)
onpepensowme cooTHoweHns (20) MoXxHO 3anucaTb nbo B Buge nmbo Oba
Bblpa)XE€HNS SKBMBANIEHTHbI, BCeACTBME cripaBenmesocTtu (21). Onsg nsoTponHoro
MaTepuasa, CBOMCTBA KOTOPOro He 3aBUCAT OT HanpasieHUsa, PyHKLUMNA yaesbHOW
noTeHUMasnbHON 3Heprun gedopmMaumm 0OJIXKHa 3aBUCETh JIUWb OT NHBapWUaHTOB
COOTBETCTBYHOLWMNX TeH30poB. CnefoBaTenbHO, BblpaXkeHue (15) ynpowtaeTtcsa Ao
CKanapHoOn pyHKLNN, 3aBUCALLLEN OT r1aBHbIX MHBAapMaHTOB 34eCb, U Aanee,
o603HaYeHne CKanapoB ynpoCcTmMM, a UMEHHO B pe3ysibTaTe, Nocse HECNOXHbIX
npeobpa3oBaHni, Nnonydum (22) roe Ons nosyvyeHuUsa npeacTaBeHUsa TEH30pa
Hanps>XeHUn B BUAE CyMMbl Anag no cooTBeTCcTByloweMy basncy, Heobxoammo
onpenennTb, B KakoM ba3snce onpeneneH TeHsop aecdopmaynmm AnbMaHcu. Hanbonee
NPoOCTON BMA NoJsily4aeM npu ncnosb3oBaHum 6asmca . B aTtom cnyvae n rae
obpa3syeTca Kak MmaTpuua, obpaTHasda . MNMpun ncnonb3oBaHnn Ba3nca TekyLlen
KOHUrypaumm rnosiy4aem npencraBieHne n rae - KOMnoHeHTbl 06paTHOro TeH3opa B
6a3nce , KOTOpblE UMEKT AOCTATOYHO CNOXHbINM BMA [6,11]. B npakTnyeckon
peannsaumnu, Bbl4NCIeHNE KOMMNOHEHT 3Ha4YnTeNbHO npoule, 4em . [losTomy
uenecoobpasHo BbIYMCAATL MO . 15 3TOro U3 ToXXAeCTBa NoAy4um
KoHTpaBapuaHTHble KOMMOHEHTbI TEH30pa HAMNPS>XXeHN onpenensatTca B Buae Taknum
obpa3oMm, npeacTaB/ieHHbIE COOTHOLWEHWS NO3BONIAIOT BbIHUCAATL KOMMNOHEHTHI
TEH30pa HaNpPs>XeHUN B pa3/INyHbiX Basmcax Npu N3BECTHbLIX NCXOOHOWN U
neopMnUpoBaHHON KOHpUrypaumax. Paspellatollee ypaBHeHME Ha Ware Harpy>xeHuns
Mpumem B KavyecTBe 6a30BOro COOTHOLLIEHUSA BapuaLMOHHOE YypaBHEeHNe nNpuHuuna
BUPTYaJibHbIX CKOPOCTEN B TeKyLLEen KOHUrypaumm, Kotopoe Anas 3agay CTaTuku
MO>XHO 3anuncaTb B Buae (23) roe - BeKTOp 3adaHHbIX BHEWHNUX 06bEeMHbIX cun, -
BEKTOP 3a4aHHbIX HAaNps>XeHUn Ha 4aCTn NOBEPXHOCTU , Ha KOTOPOW onpeneseHsbl
CUNOBbIE FPaHNYHbIE YCNOBUA. TEXHONOIM NS BblHMCNEHNIN NpeacTaBnaseT cobon meton
rnocsiefoBaTesIbHbIX HAarpy>XeHnm C onpeaesieHneM TekyLlen MeTpuKn, Kak OCHOBHOW
Ansa sbl4nucneHun. Utak, npouecc gedopMnpoBaHnsa npenctaBuM Kak
nocnenoBaTe/IbHOCTb PAaBHOBECHbLIX COCTOSIHUM , KOTOPbIE peasn3yoTcsa npu
3aaHHbIX 3HAYEHUAX BHELWHUX cun , . Onpenenmm B Ka4eCcTBe OCHOBHOMN
HEeN3BEeCTHON BEJINYMHbI BEKTOP CKOPOCTU , KOTOPbIA MOXKHO TPaKTOBaTb KakK BEKTOP
npupaweHnsa TeKyLen KoHpurypaunum npm nepexone K coctosaHuio , (24) roe
Pa3peluatollee ypaBHeEHME Ha TeKyLEeM LIare CTpoUTCA NyTeM JIMHeapusaunm
NCXOOHOro ypaBHeHUsA (23) B NpeanosioXXeHnu . letanm nocTpoeHus
JINHEeapn30BaHHOIro ypaBHeHUA npmeeneHsl B [1,4,5]. B pe3ynbTaTe nmeemM YT10o06bI
MOJTHOCTbIO ONMpeaennTb 3TO ypaBHEHNE HEODBX0ANMO MOCTPOUTL BblparKeHne
CKOPOCTU HaNpPsiXXeHUN A58 N3BECTHOW KOHUrypaumm 4yepes Hen3BeCTHbIN BEKTOP



CKopoCTu (24) B BUAE NMHENHON PyHKLMN. PaccmoTpum obuwmin cnyydanm n3oTPonHOro
MaTepuana C onpenensowmm ypasHeHnem (22). MHOeKC «» Ong cCoKkpalleHus 3anmncum
onyctuMm. Cnpasennmeo (25) danee pacnuwem Kakgoe U3 csaraembix 30ecb
NCNonb3oBaNChL Cnefytowmne npeactasneHnsa CnpaBenimBo TOXAECTBO (26) Ecnn
npoandgepeHynpoBaTh MO BPEMEHN TOXKAECTBO (26), TO nony4Yum UTak, yaanocb
MOCTPOUTbL Bblpa)XeHMS BCEX CNlaraeMbiX B COOTHOLIEHUN (25) Yepes3 ABa TeH30pa
cKkopocTen n . Npudem BCe TEH30pPbl, KOTOPbIE CBEPTHLIBAOTCA C HUMWN, OAHO3HAYHO
onpenensTca TeKyLwen KoHhpurypaumenm n MoryT BbiTb BblHUCEHbI MO
COOTBETCTBYWOLWMM hopMysiaM. Tenepb He06X0OMMO BbIpa3nTb TEH30pPbI , Hepes
MPOCTPaAHCTBEHHbIN TEH30p rpagneHTa gedopmaynin (6) B Buae TIMHENHOWN
3aBmcumMocTu. N3 (12) nmeem (27) To €CTb C y4€TOM COOTHOLWEHMSA (8) eCcTb IMHENHas
dpyHKUMA OT . U3 cooTHoweHUA (4) nony4daeMm (28) N3 (3) cnepyeT AuddepeHumnpys no
BPEMEHWN TOXKAECTBO NoAy4Ynum 1 noactasum ero (29) Cobupas BmecTe
npencTtasneHus (26), (27) n (28), nosy4yaeM Bbipa>KeHNe TO eCTb COOTHOLLEHNE
MOJIHOCTbLIO aHanorm4Hoe (27). Taknm obpasom, npeacTassieHne aas CKOpoCTu
N3MeHeHUs TeH3opa Hanps>xeHunn (25) B rnobanbHoM HBasunce, To eCTb B BUAE
nonyckaeT npeacTtasneHne (30) BoipakeHne ong 3 (30) erko CTpoOUTCHA € NOMOLLbIO
BblLLEeNnpuBeeHHbIX COOTHOWeHUN. CnegoBaTesibHO, CKOPOCTb U3MEHEHUS
HanNps>XeHUn eCcTb JIMHEeNHaa (PyHKLUMNS, 3aBUCALLAA OT rpagneHTOB CKOPOCTEN.
3aknoyeHune MNMoayyeHHble COOTHOLWEHUSA NPeacTaBAAnT cobon TeopeTnyeckyto
OCHOBY KOHEYHO - 3JIEMEHTHOI0 aropnTMa NCCNefoBaHNA KOHEYHbIX AedopMaLmn
HEJINHENHO-YMPYruX Tea nNpu CUI0BOM NX Harpy>xeHunu. Heobxognmo nnwb 0o6asnTb
KOHKPETHY0 dn3nN4eCcKyto Moaesb B BUAE BblpaKeHNs PyHKLMOHaa cBoboaHON
3Heprumn, cnpaBennBoro Jis COoOTBETCTBYOWEro Mmatepmana. Hekotopble
pekoMeHaaunm no nx ebibopy aaHbl B paboTtax [8,10-14].



